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Some inequalities for positive definite matrices

1.Abstract. In this note we present extension work done
by R. Bellman [1] on trace analogous of the usual inequalities
concerning arithmetic , geometric and harmonic means .

2.Introduction. Except where stated otherwise, all
matrices considered, are nxn matrices with real elements . The

notations t(A) , A' , A", A, A" are usual to denote
respectively the trace, transpose , inverse, square power and
square root of matrix A . I, denotes the nxn identity matrix . We

write A > 0if A is a positive definite matrix . It is well known ,
that A > 0 if and only if there is a non-singular matrix S, such
that A=SS ", see [2].

3. Lemma.Let A>0,B >0 then

(D t(A) WA),
(1) t(AB) t(A).tr(B),
(III) t. (AB).t(A'B™")
(V) t,(AB)>0.

Proof. Inequality (I) follows directly from well known
Inequality for posmve real numbers

l2 + 2— n p 2 n )
with the fact that the characteristic roots of A are the squares of
the characteristic roots of A .
(II) By the Cauchy-Schwarz inequality [1], with
inequality (I), we can write

t(AB)  t(AH]"?. [t(BY)]"
t(A)1 . [(tr(B))']"? = t(A) . tr(B)



To obtain ( III) we use the fact that if A > 0, B > 0 then
ABA > 0 , with the fact thatif A>0then A" >0, A" >0 [2].
We use also (II) with the commutativity of the trace .
Thus we have

n= tr(In) — tr(Al/Z BA]/Z A-]/Z B-l A—l/2 )
t(AUZ BA]/Z) t(A'”Z B-I A-I/Z ) —

=t(AB).t(A'B").
Hence

t(AB).t(A'B") n
(IV) For A and B there exits non-singular matrices S and
T such that A =SS 'and B=TT". Using the commutativity of
trace , we have

t(AB)=t(SS'TT ) =t(T'SS'T)=t[T'S(T"'S)]>0
Now from (IIT) and (IV) of lemma , we derive
t(AB) t(A'B™),
using inequality (II) , we obtain the main result of this paper :
4. Theorem. IfA>0and B> 0, then
n/t(A").t(B") t(AB) t(A).t(B) .




5. An analogue of the usual inequalities . [fA>0and B> 0,

then from the above theorem we can write an analogue of the
usual inequalities concerning , geometric and harmonic means :

2/t(AY+t(B"  t(AB) t(A)+t(B)/2 .

6.An inequality for traces . Let A>0and B> 0. We star
with the matrix identity

(A+B)Y=A’+B*+AB+BA .

Now taking the trace of both sides and using (I) and (II) of
lemma we have

t{ A +B ) =t(A) + tr(B)’ + 2t(AB) .

t(A)]* + [tr(B)]* + 2t(A) t(B) .
Hence

t(A+B) t(A)+tu(B))’=[t(A+B) .
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