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Use of Statistical Methodology based on Weighted
Median Approach
to analyze Loudness Discomfort Data

By Mansour A. Ataa”

Abstract :

A real-life application related to data for estimating the Loudness
Discomfort from Acoustic Thresholds is presented to demonstrate the use
of statistical methodology based on the |,-norm as a robust alternative to

the usual least squares. In this paper, a robust procedure using the
1,-norm estimator was considered to estimate the loudness discomfort level

(LDL) from the acoustic threshold level (ART). The estimation results have
shown that LDL can conveniently be predicted from ART. To have more
confidence in the results and conclusions, the weighted median of [, -norm

was utilized to compute intervals for the values of the response (LDL)
variable. Such intervals would provide a critical examination of
1, -regression fit and the data set as well.
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1. Introduction

The current paper is concerning with the analysis of real-life
application associated with data sets related to medical problem. The
estimation results to these data sets using the least squares method
was previously discussed in Mansour A. Ataa (200). It was
concluded that, the predictions of loudness discomfort level (LDL)
from acoustic reflex thresholds (ART) by least squares method were
in general unsatisfactory. The estimation results have also indicated
that acoustic reflex thresholds correlate too poorly with the loudness
discomfort level. Accordingly, the acoustic reflex thresholds may not
be appropriate to be used as an objective measure of loudness
discomfort level. The failure of least squares method in detecting the
relationship between ART and LDL might be due to the fact that
these data sets have actually been associated with some outlying data
points. Accordingly. the use of /,-norm method was recommended
to analyze these data sets. For more details about the least squares
analysis, see, Mansour A. Ataa (2000).

The /,-norm method or least absolute deviations (or LAD), is
extensively being adopted in statistical estimation and numerical
approximation (Narula, 1987). In terms of reducing the effect of
abnormal errors or heavy-tailed error distributions, the [,-norm is
more robust than the least squares. The inference procedures and
hypothesis tests based on /,-norm method have been developing. For
literature on such developments, the reader is referred to Basset and
Koenker (1978), Koenker (1987), McKean and Schradder (1987),
Rao (1988), and Bai, Rao and Yin (1990)
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2. The Data Problem

Three groups (Normal, Conductive and Perceptive) of data
sets are available for analysis. These groups were associated with 20,
30 and 42 subjects, respectively. The clinicians of the ANT
department of the Republican Teaching Hospital have collected these
three data groups. For each of these three groups, three variables
were considered: Acoustic Reflex Threshold level (ART), Loudness
Discomfort level (LDL) and Most Comfortable level (MCL). For
more details about these data sets, the reader is referred to Mansour
Ataa, (2000). In the current study only two groups with two
variables were considered. These groups are: Conductive and
Perceptive groups with the Loudness Discomfort level (LDL)
representing the dependent variable and Acoustic Threshold level
(ART) representing the independent variable.

2.1 The objectives

The following objectives have been sought:

1. To find accurate relationships (if any) between the
Loudness Discomfort Level (LDL) and Acoustic
Thresholds (ART). That is, to estimate LDL from
ART using weighted /, -norm approach.

2. To represent these relationships in the forms of
linear models which may be used in applied
circumstances.

3. To determine intervals for the values of the
dependent  variable using weighted median
approach based on the /, -norm.
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2.2 Modeling The Data

The relationship between the dependent variable LDL and the
independent variable ART can take the following simple linear form:
LDL = «, + 0, ART + Error term

(1)
Where the parameter estimates «,,«, in (1) are to be estimated by

d,,d4,. Denoting by Yto LDLand by X to ART, the above linear
forms can be rewritten in the following linear regression model:

y, =B, +pBx +€, i=12,A ,n
(2)
Where the unknown parameters J,, 3, are required to be estimated
and where ¢, i=12,A ,nare the random error variables. The linear

model (2) was fitted to the data sets using the / -norm giving the

results in Table (2.1). Moreover, to test for model adequacy, the test
2B

" [f/r-m)]
of I solution and where B=_LAD, -LAD,and W =LAD,(B). The
quantities LAD, and LAD , are, respectively, the LAD values of the
reduced and the full models (see, M. Ataa, 2000). As an example,
the result for testing the model LDL, =93.00+0.20 ART,produced by
the un-weighted / -norm shown in Table (2.1) (Perceptive group) is
given by: T, =318.94> x*(2)=5.99 which is highly significant at 0.05
levels of significance

statistics is defined as 7, <y, Where ¢is the rank
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Table (2.1): Parameter estimates ﬁsing !,-norm for
Fitting the Linear Model:
LDL =8, + B, ART., r=12,A 8

Group Conductive Percepti-‘}e
Stimulus Ao B |5, B
1 105.33 0.13 | 93.00 0.20
2 90.00 0.30 | 91.67 0.17
3 105.33 0.67 | 89.17 0.17
4 88.67 0.07 | 71.25 0.25
5 72.50 0.25 | 75.00 0.20
6 98.00 0.00 | 63.13 0.38
8 76.00 0.20 | 80.00 0.11
- 9 63.33 0.33 | 65.00 0.25

3. Computing Intervals for LDL using Weighted Median Approach

To allow the user a more complete analysis of the /, -norm regression fit,
it would be very useful to determine intervals for the response (here LLDL)
and/or the predictor (here ART) variables. In this section, we only compute
the intervals for the response (LDL) variable. This type of analysis will
allow the user, in applied circumstances, a clear, simple and straightforward
way to examine a data set and the /, -norm regression fit critically and thus
to have more confidence in the results and conclusions. As illustration,
consider the data sample, in Table (3.1), taken from the conductive group of
subjects corresponding to stimulus 2. Using the linear model (2), the l,-
norm regression line fitted to the data in Table (3.1)
is given by

¥, =90.0+0.3x,, i =1,2,A 19 (3)
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Table (3.1): ART = v, LDL, =v,, §,
ith [, -residual corresponding to stimulus 2 taken from fitting
of equation (3) to Conductive Group of subjects.

= LDL values and ¢, is the

; X, v, ¥, e, i X, ¥, 3, e,

1 105 113 121.5 -850 11 105 125 1215 3.50
2 100 115 120.0 -5.00] 12 110 125 1230 2.00
3 110 125 123.0 2.00] 13 100 125 120.0 35.00
4 1S 125 1245 050 14 105 125 1215 3.50
5 105 125 121.5 350 (5 110 123 1230 0.00
6 [0 125 123.0 2000 16 100 120 120.0 0.00
7 115 120 1245 -450 17 105 115 121.5 -6.50
8 105 115 121.5 -6.50| 18 @ 1i5 115 1245 -9.50
9 100 115 120.0 -5.00/ 19 120 125 1260 -1.00
10 | 95 115 1i8.5 -3.50

So, the objective is to use the weighted median of the /, norm (o

determine intervals for the values of the LDL variable for the non-defining
and defining observations. The non-defining ohservations within which the
/,-norm regression does not change are defined to be the non-zero

/,-residuals (¢, #0) On the other hand, the defining observations are
those observations corresponding to the zero [, -residuals (e, =0). The

rule of defining and non-defining observations in constructing inte rvals for
the response and/or predictor variables have been discussed in Narula and
Wellington (1985) and Narula, Sposito and Wellington (1993). To
calculate the intervals for the LDL, the weights w, were computed based

on weighted median approach using the method of [, -norm as follows: the

linear model (2) was fitted to the data set given in Table (3.1) using the
usual method of /,-norm yielding the result in equation (3). Note that,

some the observed residuals ¢, =y, — ¥, ,i=12,A ,n will be equal to 0
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for at least gobservations where P.is the predicted value of the

response variable of the ith observation. Now, the problem formulation
can be summarized as follows: for model (2), the /,-norm problem can be

written as shown by Josvanger and Sposito (1983) and Narula, Sposito and
Wellington (1993) by:
min 3 w,ls, B (4)
iz ,
where w, :|x,. x,’ and where s, :(y‘. —_yl.)/(x, —.rl,)
Since wj #Ifor all jand j. Problem formulation (4) is a weighted
median problem. Let w denote the weights of the corresponding ordered
s, . To determine the optimal weighted median solution to problem ( 4)

with respect to (x,,y ; ) we first determine r such that

/ 13

Z Wan 2 z “"(1/)

=l 1=r, +1

e "
Z— W < Z Wi
i=| i=r,

and

(5)
If the observation at /corresponds to r, then B, =4$,. As noted by

Josvanger and Sposito (1983) and Narula, Sposito and Wellington (1993),
if the prhobservation is one of the defining observation, then the solution

to the weighted problem will lead to an observation (.v o Yy ) such that the
pth and grh observations define a regression line based on the /,-norm:
observations associated with ¢, =0
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3.1 Interval Calculations: Non-defining observations Jor (LDL)
variable

To calculate intervals for the values of the response (LDL), the data of
LDL and ART and the corresponding [, -residuals produced by equation

(3) are shown in Table (3.1). It is useful to layout the tables of w, and
S, for the defining observations pandg as shown in Table ¢3.2). For our
example, these values for the defining observations ¢ =15and p = 16 were
given in Table (3.2). Let v, denote the new value of LDL variable for the
ith observations, i# p.g. From the weighted median formulation of the

problem we observe that y, should be such that

Yi

“lesp s, > B (6a)
K\ - X
or
20 <p s, < B, (6b)
X; —..\‘

For our example with i =3, we have
(,vl -1 15)/(110_105)20(30 ory, 21165
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Table (3.2): Values of w, . S .;and w, S  for defining

observations
("rl:’i s Vis ): (l 109123) and ('xlé » Yie ): (100’] 20)

l-_u,-,ﬁ=|,\-,—105_]___.);:!}_15“«3“ = |y, - 113 D"lzoji S | Rank | S.. |Rank
1 5 -10 5 7200 1 140 1
2 10 -8 0 -5 160 8 1.00 8
3 0 2 10 5 160 17 1.00 10
4 5 2 15 5 160 18 1.00 17
5 5 2 S 5 080 2 033 18
6 0 2 10 S 080 9 0.00 7
7 5 -3 15 0 060 7 -025n=19
8 5 -8 5 -5 0353 no 10 030 15
9 10 -8 0 -5 030 16 -033 4
10 15 -8 5 -5 -020 13 -050 3
11 5 2 5 5 020 19 -050 6
12 0 2 10 5 040 4 -050 12
13 10 2 0 5 -040 5 -1.00 5
14 5 2 5 5 -040 11 -1.00 11
15 0 0 10 3 -040 14 -1.00 14
16 10 -3 0 0 3 2
17 5 -8 5 -5 6 9
18 5 -8 15 -5 12 13
19 10 2 20 5 15 16

Hence, for y; €[116.5,)the current /, -regression line will not change. In
Table (3.3), we give the intervals, which correspond to the non-defining
observations within which the /, -regression line for the data in Table (3.1)

continues to be given by equation (3). If the response value for the
defining observations is changed, the [, -regression for the data is changed.

However, if this change is limited to certain intervals, the defining
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observations for the |/, -regression for the data will remain the same.
Using the above notes. the intervals for the values of the response (LDL)
variable were given in Table (3.2) If the computed intervals of LDL are
to be compared with the predicted values using the linear model ( 3), Table
(3 1) exhibits LDL values and LDL predicted values. As can be seen, the
predicted values of LDL are within the intervals of either that of non-
defining observation 16 or of non-defining observation 15 displayed in
Table (3.3). Forexample, ¥, €[l15.). §, [115.5,%), ¥, €[116.5,»),

p, e[118,%), et.

Table (3.3): Intervals for the values of the response (LDL)
B Variable for the non-defining observations
Non-defining observation 15 Non-defining observation 16

Interval for i Interval for
i Yool ¥ i y, i iz
L] [s») (1] [iseee) |1 [117.0) 111 [117,0)
2 | (o0 13.5])12) [116.5,00) | 2 [115.5.0) 12| [118.5,)
3| [116.5,=) 13 (==1135] 3 [118.5,%) (13 [115.5,)
4| [18.x) |14 D1s.<) | 4 | (wd20] |14 [117.%)
5| [115.) 5 | [117,)
6| [116.5,«) | | 6 | [118.5.)
7| [8,0) 17| [115.2) | 7 | (=120] |17 [117,)
g | [115,0) |18 [118,) | § | [117.00) |18 (~eo,120]
9 | (cood13.5][19] [119.%) | 9 | [115.5,%)]19] (~=,121.5]
10| (—e,112] 10 | [114,0) ||
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3.2 Defining observations for (LDL) variable

Let y, represent the new value of the defining observation p from the
weighted median formulation of /, -problem. Since the value of y;, does
not affect equation (5), the pthobservation will continue to be a defining
observation if y, is such that

. N Y, Y,

‘Sq (rq I')S _’CI _;_ S Sq (rq‘ + 1) (7)

o Y

where S,(j)=S,. For our example with p =16, from Table (3.2),

we have

123
06< 28— <03 0r 120y, <117
100-110

ie., if yg€ [117,120], then observation 16 will continue to be defining

observations. The interval calculations for defining observations are given
in Table (3.4).

Table (3.4): Intervals for the values of the response
(LDL)

) Variable for the defining observations

" Defining observation 15 L Defining observation 16

Interval for Interval for
Nso e
123< y,, €120 | 120< y,, <117

5. Discussion

The results can be summarized in the following concluding remarks:
(1)The linear models fitted to these data sets using /-
regression have indicated that acoustics  reflex

thresholds (ART) can be used as an objective measure
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loudness discomfort (LDL); that 1s, the LDL can
conveniently be predicted from ART.

(2)Unlike the least square estimates, the /, -norm estimates

of model (2) do not change if the value of the response
variable lies within a certain specified interval.
Moreover, observations with the largest residual need
not be influential, i.e. the [ -norm methodology for
statistical data analysis is insensitive to certain types of
discrepancy in a data set.

(3)In this paper we have only constructed intervals for the

values of the response (LDL) variable at stimulus 2.
The derived intervals for values of the response (LDL)
variable allows the user to examine a data set and the
/,-norm regression fit critically and thus to have more
confidence in the results and conclusions. It is

straightforward to calculate similar intervals for LDL at
the other stimuli.

In conclusion, the [/, -norm methodology in statistical data analysis could

be the most appropriate method for analyzing abnormal data.
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