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Abstract:

In this paper, we introduce an algebra of special kind of fuzzy
numbers( which we call it finite level fuzzy numbers) and also we
introduce three kinds of fuzzy functions [4]. The integral and differential
of fuzzy function was defined in the literature [4,5], but we generalize
these concepts (fuzzy integral and fuzzy differential) by constructing the
functional of fuzzy function. Using Zadeh’s extension principle, the
operator of fuzzy function is defined. Fuzzy Laplace transform is
considered as a fuzzy operator, and the problem of linearity is addressed.
Finally, we show that the convolution theorem can be extended in fuzzy
theory.

1. Introduction

The concept of fuzzy sets as introduced by Zadeh was proved to be useful in
modeling inexact systems[2], where subjective judgments and the non statistical
nature of inexactness make classical methods of probability theory unsuitable. The
concept of fuzzy integral as developed in [14] and [6] has been used in the problems
of optimization with inexact constraints[12,7]. D.Dubois and H.Prade in [5] deals
with differentiation of ordinary functions at a fuzzy point and differentiation of
fuzzy-valued functions at a non fuzzy point. In both cases the concept of
differentiation is extended. The authors also introduced the notions of fuzzy
numbers and defined its basic operations [3]. R.Goeotschel, A.Kaufmann, M.Gupta
and G.Zhang[1,8,9,10,11] have done much work about fuzzy numbers.

Throughout this paper, #, P (X), R* and F(R) will denote a fuzzy function, a

set of all positive fuzzy subsets of X, and a set of all functions from X to R, set of
fuzzy numbers defined on R, respectively.

2.Finite Level Fuzzy Numbers
Fuzzy numbers have many forms in the real world, and there are some special
classes of fuzzy numbers for which computations of their sum, for example is easy.
One such class is triangular fuzzy number, another one is that of trapezoidal fuzzy
number. But both of these kinds dose not have a group structure, i.e, the
multiplication of two triangular (trapezoidal) fuzzy numbers is not a triangular
(trapezoidal) fuzzy number, and for this reason we construct a new type of fuzzy
numbers. Using
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According to the extension principle {4], a binary operation * can be extended
into (*) to combine two fuzzy numbers 4 and B. Moreover , if g2, and 4, are the
membership functions of 4 and B assumed to be continuous functions on R:

1 400(2) = Sup Min(st,,(x), 11 () @.1)

z=x*y
Now, the construction of the finite level fuzzy numbers will be as follows: -
Given n , N be two positive integers n < N, and &, &, &y € [0,1]

such that

a, <a,<-<a,, <a,=1

Gy <Ay, <<, <a,=1
Let F (ER N) be the set of all fuzzy numbers 4 = {(xi N2 )} y defined on R, such
that

X, <Xy < <Xy

Any fuzzy set A must satisfies three conditions (convex, normalized, and its
membership functions is defined on R and piecewise continuous) such that A can
be considered as a fuzzy number. If A is not convex, we can construct a convex

fuzzy set from a non-convex fuzzy set A, by generating a convex hull of A, as
follows:

Given a fuzzy set A € P(X) which is not convex, then a convex hull <A> of
the fuzzy set A is defined by

< A>= ﬂ{?c‘A C X, X is convex fuzzy set }

In another word, <A> is the least convex fuzzy set which contains A.

a, X Sx<Xx,

a, X, Sx <X,
Ju<A>(x) =

Oy, Xy, <XS Xy

Ay Xpyoy KX Xy

So the set F(R,) mnow can be considered as a set of fuzzy numbers. The
operations of this type of fuzzy numbers can be defined by:
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Let A, B < F(R, Jsuch hat A= {(x,2,)}. B = (,2,)},
According to equation (2.1) we have

H g (2) = Sup{Min(us . (x), 1, M)z =x*y}
= Max{Min(a,.,aj ]z =X, * y,.}
If we perform the (*) operation between A and B we will get the following table:

@2

* _yl -y2 - . N yll . . . yN
X, a, Q, * ' . @,
2 o, a - - . a, [Min{a L }]
. iy
xn

a a, 1

[Min{ai ,aj }jl Ay Ay, Ay,
Xy ey ay 2y

Now, from this table it is clear that the convex hull of A*B is:

o, for HEYRSzZ<X,*y,

@, Jor x,*y,<z<x;*y,

lu<AtB>(z) = Jl for z= xn *yn (23)
an+l fOl" 'xn*yn <stn+l*yn+l

Xy fo’f Xy ¥ Yy <zZSxy*y,
So, according to equation (2.3), equation (2.2) in this case can be written as
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Hus(2)=0; I Z2=X*Y; 24)
where

Pap(@D) =1 z=x,*Y,
and

Z, <2, <2<z, =X, *Y, and

X, ¥V, T2, <Zpy < <Zy

n+1

so Z = {(zi,a,.)}N is fuzzy number and Ze F(‘RN)

Example 2.1
Let A={(2,0.2),(3,0.4),(5,1),(7,0.5)},
B={(4,0.2),(6,0.4),(9,1),(10,0.5)}
And we want to compute A + Band A - B,

We have, X;=2,3,5,7, Vi=4,69,10

Itisclearthat z; = X; +¥; = 69,1417 , ¢, = 0.2,04,1,05 i=123.4
So Z = {(6,0.2),(9,0.4),(14,1),(17,0.5)} .

Now for A - B, we have

z, =x,-y; =8184570, a; = 0.2,04,1,05 i=1234
and

7 =1{(8,0.2),(18,0.4),(45,1),(70,0.5)} .
2.Fuzzy function

The extension principle, introduced by Zadeh [15], is one of the

most important tools of fuzzy sets theory. Using this principle .
any mathematical relationship between non-fuzzy elements can be
fitted to deal with fuzzy quantities.

Definition 3.1 (Extension of Fuzzy Set) If f: XY, and A be a fuzzy set defined
on X, then we can obtain a fuzzy set f{A) in Y by f and A,

Sup p,x) I ST O)ESVxEX,y=f(2) G.1)

Vyel, Hya( )={
@ o i £ =4

Fuzzy function can be classified into three basic kinds according to where fuzziness

occurs.

(1) Crisp function with fuzzy constraint.

(2) Crisp function which propagates the fuzziness of independent variable to
dependent variable.
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(3) Function that it self fuzzy. This fuzzy function blurs the image of a crisp
independent variable. For our work we need the third kind of fuzzy
function.

Definition 3.2 A fuzzy mapping F is a mapping from X to the set of non-empty
fuzzy sets on X, namely P(X), In other words, to each x € X, corresponds a

fuzzy set F (x) defined on X, whose membership function is Hpg,,, and
Hio - X 2> 1=[0,1]

A fuzzy set of mapping F can be constructed in the following way,

Define a function F : X — F(X) such that £, : R¥ — I (where RY is
the set of all functions f: X—%R)

#e(f) = Inf Yz, (f)x € X} 32
The converse of the above construction can be done as expressed in the following
definition.

Definition 3.3  Given a fuzzy set of mappings F:X — P (X ) such

that 12, : R* — I, we can construct a fuzzy function F : X — ﬁ(X) such that
F (x) is a fuzzy set, by the follows:

)= {Sup{uf(f)la_c & fo)} when 10129 63

0 when f7(y)=¢

Definition 3.4. Let Tbea fuzzy set such that T: X >R, then T will be finite if
Supp(T) = {xi }n . In another word, T = {(xi,ai )}n where 4, (x;)=a, >0.

Definition 3.5. According to Def. 3.4 , if a fuzzy mapping F : X — ﬁ(X ) is

finite , then /' can be written as

Fx)={(f,(0).2,)}, (3.9)

Any fuzzy set of mappings F, constructed from F also will be finite, and
1) = Inf Y, (FNe e X}=a, iff f=f,
This implies that F = {(f;, e, )}, .
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Now, if given a finite set of mappings F= {( I )}n , then we have

P ) = Suplize (Ny = (0}
= V)= iff y=fi(x)
= Fx) = {(fix.a)},

(3.5)

Remark
Given two fuzzy set of mappings F,G:X — ﬁ(X )such that
X
Upr g :RT —> 1.

If F=G then the fuzzy functions ﬁ ,5 which are constructed by F and G
respectively are equal, i.e.

Her Poe X 1

;uﬁ(x) (y) = /u&(x) (y) Vy <€ X'
4. Fuzzy Functional
In this section, the concept of functional of ordinary function will be extended
to a real fuzzy mapping.

Definition 3.5. Given a fuzzy function F : X —> P(X) with g, : X — I and

a function T : X — Y. Then there exists a fuzzy function f(F ):Y > P (Y)
with L : Y — I such that

Vel iy () = Supltp (Vx e X,y =T} @)

T
X —> Y

F T(M

I
Fig.1 Fuzzy Function T (F).
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Definition 4.2. Given a fuzzy set of mappings F :X — ﬁ(X ) with
7 R* —> I and a functional F:R* — R . Then we can construct a fuzzy
functional F™: R* — R such that

F'(F)=F ()
Therefore, Vy € R

b iy OV =tz iy O) = St (N|f €R¥,y =F(N)}  @2)

F
¥ > R

Fig.2 Fuzzy functional.

Example 3.7 let G be the set of all integrable functions. The integration
L :G = R* — R, can be considered as a functional where L feR.

Then the fuzzy integral J:{ RY > P (R) can be defined according to (3.6) by:

Given a fuzzy mapping ﬁX—)ﬁ(X), then EF:X—)ﬁ(X) with
Ur G S R* = I such that

te, 00 = 14,0 = Suplp, (Y < %5,y = [ 1} “3)

Example 3.8

We can define the differentiation of a fuzzy mapping at x = X, using equation
(4.2) by:
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Let P be the set of all differentiable functions f:X oR at x=x,. let
D, ‘P c RY > R, where Dy (f)=f'(x).

Then there exists a fuzzy derivative D;( :RY — R such thatat x = X,

Hp: F(x)(y) Hp, )= Sup{,u (f)‘feSRX,y fGx, )} 4.4)
Definition 3.9. Given a finite fuzzy mapping F= {(f,,a )}n , and a functional

F:RY > R, then a fuzzy functional in this case, can be defined by
/"F' ) (y) = .u,‘:'(p) (y) = Sup{a;|Vl = 1a' Y= F(.f; )} (4.5)

5. Main Result (Fuzzy Operator )
In section 4, we considered a fuzzy mapping F such that F:X— P(X )

with g, :R* — I . The functional of F over X was defined as a fuzzy set
F (ﬁ ). In this section, we shall deal with the operator of fuzzy function F, which
will denoted by L’ (F).
Definition 5.1. Given a fuzzy function F : X — ﬁ(X ) with g R T
and an operator L:RY > RY . Then we can construct a fuzzy operator
L' :®* > R such that L

L* (F)=L(F)
Therefore, VyeR*

e ) = (90 = Stplc BNV € Ry = 20 5.1)

_ suplsupln (/g €7 g =L (N =g}
When L is one-to-one operator. Then (5.1) will be
ey O = Suplpis PR € R,y = L() (5.2)

Example The Laplace transform L of a function f:X —Y, is a one-to-one
operator L ‘R¥ 5> R* such that y = L ( f ) IFF

¥s)=L()s) = fe @yt

Then the fuzzy Laplace transform L 9~1X - ﬁx of a fuzzy function F can be
constructed using (5.2) such that
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L*(F)=L(F)
Therefore, Vxe X, VyeR”

Ky sy )= Sup{,uF (f)

VfeR*, y= ]’e'“ f(t)dt}

0

Definition 5.2. Given a finite fuzzy set of mappings F = {(f . )} and an

n?

operator L :R* -5 RY . The fuzzy operator L~ RY S RY of F can be
defined by

Vy e R
Uy O = s () = Suplan Vi =Lomy=L ()} 63)
If L is one-to-one then equation (3.28) will be:
HoO) = e =a, IFF y=L(f;)
= L'\ =L {f.a), ={L()a), (5.4)

Remark Givena fuzzy mappmg F and G Then we have
& (F+ )0 = Foy+ 6w

@ (F-8)n=F) 6
(iid) (cﬁ kx) =cF (x)
Lemma 5.1 Let F be a fuzzy mapping i, : X —> 1 and Let T and H be two

operators suchthat 7 : X — Y, H :Y — Z , and H is one-to-one. Then we have
HT(F)=HI(F) (5.5)
proof:
VzeZ,
7(2) = Supl (V\Vy € ¥,z = H(»)}
= Sup{Sup{,uF (x)l‘v’x eX,y= T(x),VyeY,z= H(y)}}

Since H is one-to-one, then

#7(@) = Suplu, (D|Vx € X,z = H(T(x)) = (HT)(x)}
= Moz (2).
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Theorem 5.1 LetF be a fuzzy mapping Mg : RY — I and 1, L be two operators
I,L -R¥ > R¥ where T is one-to-one. Then there exist a fuzzy operators
I L . R}X > RY such that
LI (F)=(L1) (F) (5.6)
Proof:
L1 (Fy=L"{[()=CT)= (L) &)

By Lemma 5.1, we have

LT (F)=LI(F)

L' (F) = LT (F) = LI(F) = (LI) (F).

¢=I(f) IFF g(x)= :jf and g=L(f) IFF g(s)= :je‘“f(x)dx.

Therefore
# ‘U.F)m(y) = u(L o
sl (s <5y =L E7)0)

= Sup{uF (NS eRSy= 1 L (f)(s)}

62

Example 3.14.

L F={fa)(fa)llfe)
where fi(x)=e",f,(x)= sinx ,f,(x)=x and a; = 0.4,1,0.1,
and we want to find the Laplace transform of F. Using (3.29),

L*(ﬁ) == {(L (fi)aai)}a = {(Fl70‘1):(F27a2)5(F3,a3)}

where
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R@=L()=Ll)-—

Fy(s)=L(f,)=L(sinx)= s21+1

F©=L(£)=LG)=%

Theorem 5.2 Let F and G be real Juzzy mappings from X to the set
P(X) such that F = {(f,,e, )} G={g, B )} Then

@)LUN{D=LUﬂ+L«BWL(HM+G&D=EGUm+Eww»
i) L [ ]ﬁ(x - t)@(t)dt) =L (F)s)- L™ (G)(s)

Proof:
@) (F +G)(x) = F(x)+ G(x)
{0 +g,)7,}
where Vi = A{qx{Min(ai,,Bj )}
Then ’

r (f(x) + CN?(x)) = {(L(f, (x)+ g; (x)), yu)}
= {00+ Lle, @), )
={r(r @)a,)+(L(g RO ,- )

= L'(F(x))+ L' (G(x))
@if) L'( ]f(x - t)G(t)dt] =r ]({ fic=0a,}-{g, 0,8, Dat

=L [{f -0, (o0,

o

{ Lf(fGe-0- g,(t))dta}

= (L)1, ) 5,)
={L(f Xs).e,} { (g,)(s) /7}
=L"(F)(s)- L (G)s)
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